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A(Borsuk-Ulam ). $S^{n}$ $R^{n}$ $f$ , $f(-a)=f(a)$
$a\in S^{n}$ .
$S^{n}$ $R^{n+1}$ . 2 , Borsuk-Ulam
. , 2 , ,
Borsuk-Ulam .
B. $f$ : $S^{n}arrow R^{n}$ $f(-x)=-f(x)$ , $f^{-1}(0)\neq\emptyset$ .
C. $f$ : $S^{m}arrow S^{n}$ $f(-x)=-f(x)$ , $m\leqq n$ .
$B$ $C$ .
, A $B$ . $B$ A $S^{n}$
$R^{n}$ $f$ , $g:S^{n}arrow R^{n}$ $g(x)=f(x)-f(-x)$ $g$
$g(-x)=-g(x)$ .
$A,$ $B,$ $C$ ,
. ,
.
D. $S^{n}$ $A_{1},$ $\cdots A_{n+1}$ $S^{n}=A_{1}\cup\cdots\cup A_{n+1}$ ,
$A_{i}$ $A_{i}\cap(-A_{i})\neq\emptyset$ .
E. $S^{n}$ $A_{1},$ $\cdots A_{n+1}$ $i(1\leqq i\leqq n+1)$ $A_{i}\cap(-A_{i})=\emptyset$
, $\bigcup_{i=1}^{n+1}(A_{i}\cup(-A_{i}))=S^{n}$ , $A_{1}\cap A_{2}\cap\cdots\cap A_{n+1}\neq\emptyset$ .
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$D,$ $E$ Borsuk-Ulam .
, $E$ Borsuk-Ulam .
$S^{n}$ $A_{1},$ $\cdots A_{n+1}$ $i(1\leqq i\leqq n+1)$ $A_{i}\cap(-A_{i})=\emptyset$
, $n+1\cup(A_{i}\cup(-A_{i}))=S^{n}$ , $f_{i}$ : $S^{n}arrow R$ $A_{i}$ $0,$ $A_{i}$
$i=1$
$(1 \leqq i\leqq n+1)$ . , $s$ : $S^{n}arrow R$
$s(x)= \sum_{i=1}^{n+1}f_{i}(x)$ . $A_{1}\cap\cdots\cap A_{n+1}=\emptyset$ , $S^{n}$
$x$ $s(x)\neq 0$ . $F$ : $S^{n}arrow R^{n}$ $F(x)=(fi(x)/s(x), \cdots f_{n}(x)/s(x))$
, Borsuk-Ulam , $F(-a)=F(a)$ $a\in S^{n}$
. $a\in A_{i}\cup(-A_{i})(1\leqq i\leqq n)$ , $A_{i}\cap(-A_{i})=\emptyset$ $(-a)$ $f_{i}(a)$
$0$ $0$ , $f_{i}(-a)/s(-a)\neq f_{i}(a)/s(a)$ ,
$F(-a)=F(a)$ . , $a\not\in A_{i}\cup(-A_{i})(1\leqq i\leqq n)$ . ,
, $f_{n+1}(a)/s(a)=1-(f_{1}(a)/s(a)+\cdots+f_{n}(a)/s(a))=1-(f_{1}(-a)/s(-a)+\cdots+$
$f_{n}(-a)/s(-a))=f_{n+1}(-a)/s(-a)$ . , $a\not\in A_{n+1}\cup(-A_{n+1})$
. $S^{n}= \bigcup_{i=1}^{n+1}(A_{i}\cup(-A_{i}))$ , . , $A_{1}\cap\cdot\cdot.\cdot\cap A_{n+1}\neq\emptyset$ .
$E$ $D$ .
$S^{n}$ $A_{1},$ $\cdots A_{n+1}$ $S^{n}=A_{1}\cup\cdots\cup A_{n+1}$ , $A_{i}$
$A_{i}\cap(-A_{i})=\emptyset$ , $E$ $A_{1}\cap\cdots\cap A_{n+1}\neq\emptyset$ . $x\in A_{1}\cap\cdots\cap A_{n+1}$
$S^{n}=A_{1}\cup\cdots\cup A_{n+1}$ $-x\in A_{i}$ $i$ , $A_{t}$ ,
$x,$ $-x\in A_{i}$ $A_{i}\cap(-A_{i})\neq\emptyset$ . ) $D$ .
, $D$ , Borsuk-Ulam
. $D$ $B$
.
$S^{n}$ $R^{n}$ $f$ $f(-x)=-f(x)$ , $f^{-1}(0)=\emptyset$
.
, $R^{n}$ $B_{1},$ $\cdots B_{n+1}$ $f(S^{n})\subset B_{1}\cup\cdots\cup B_{n+1}$ , , $B_{i}(1\leqq$
$i\leqq n+1)$ $B_{i}\cap(-B_{i})=\emptyset$ .
$A_{i}=f^{-1}(B_{i})$ , $A_{1},$ $\cdots A_{n+1}$ $S^{n}=A_{1}\cup\cdots\cup A_{n+1}$ , , $f$
$f(-x)=-f(x)$ $B_{i}\cap(-B_{i})=\emptyset$ $A_{i}\cap(-A_{t})=\emptyset$ .
$D$ . , $D$ Borsuk-Ulam
.
, $D,$ $E$ Borsuk-Ulam .
$X$ , $X$ $(n+1)$- $X$ $A_{0},$ $A_{1},$ $\cdots A_{n}$
$X=A_{0}\cup\cdots\cup A_{n}$ , $A_{0},$ $\cdots A_{n}$
5 $n$ $X$ Lusternik-Schnirelmann ,
112
, cat(X) . Lusternik-Schnirelmann
[8] . $D,$ $E$
.
F. cat$RP^{n}=n$ .
, $S^{n}$ $Z_{2}(=Z/2Z)$ $g\cdot x=-x$ ( $g$ $Z_{2}$ )
( $Z_{2}$ ) , A $R^{n}$ $Z_{2}$
, $B$ $R^{n}$





. , ( A ) , $[14, 15]$
. Fadell-Husseini $[3, 4]$ , Jawalowski[9], [11] ,
, ,
. Wasserman[21] ,
(isovariant map) . ,
$[16, 17]$ , - [18] [21]
. , Borsuk-Ulam
$Steinlein[19, 20]$ . , , , $[19, 20]$
Borsuk-Ulam ,
.
, Borsuk-Ulam ( A) ,
.
G. $f$ : $S^{n}arrow S^{n}$ $f(-x)=-f(x)$ , $f$
.
, $S^{n}$ $Z_{2}$ ,
. Borsuk-Ulam
.
2 cohomological index theory
$G$ , 2 $\pi$ : $\tilde{X}arrow X$




$(\omega\in H^{1}(X;Z_{2}))$ . , $C$ .
$G$ , ([2]).
Fadell Husseini [4] , ideal-valued cohomological index theory
, Borsuk-Ulam (Jawalowski [9]
, ). , .
$G$ Lie , $EGarrow BG$ $G$ G- , Fadell Husseini
index , G- $X$ , $cx$ : $Xarrow*$ (1 $*$ )
kernel
$Ind^{G}(X;K)=Ker(c_{X}^{*} : H_{G}^{*}(*;K)arrow H_{G}^{*}(X;K))$ ( $K$ )
. $H_{G}^{*}(*;K)\cong H^{*}(BG, ; K)$ , $Ind^{G}(X;K)$
$H^{*}(BG;K)$ ideal . , $X$ $G$- , $\tilde{\alpha}$ : $Xarrow EG$
$G$- , $\tilde{\alpha}$ $\alpha$ : $X/Garrow BG$
$\alpha^{*}:$ $H^{*}(BG;K)arrow H^{*}(X/G;K)$ kernel $Ind^{G}(X;K)$ . index
.
$2.1([3,4,9])$ . $X,$ $Y$ $G$- , $G$- $f$ : $Xarrow Y$ ,
$Ind^{G}(X;K)\supset Ind^{G}(Y;K)$ .
, ideal-valued index , $C$ . ,
Alexsender-Spanier
, .
$2.2([3,4,9])$ . X., $Y$ $G$- , $W$ $Y$ $G$- . $G$-
$f$ : $Xarrow Y$ ,
$Ind^{G}(f^{-1}(\ddagger/V);K)Ind^{G}(Y-W;K)\subset Ind^{G}(X;K)$ .
, $B$ . , , $f^{-1}(I\ovalbox{\tt\small REJECT} f/)$
. $m\geqq n$ $f$ : $S^{m}arrow R^{n}$ $f(-x)=-f(x)$
, $f^{-1}(0)$ $m-n+1$ 22 .
[3, 4, 9, 11] , $G$-
, Lusternik-Schnirelmann
.




. , $k$ cohomological index . $c\cdot x$ : $Xarrow*$
1 $*$ ,
$Ind_{k}^{G}(X;K)=Ker(c_{X}^{*} : H_{G}^{k}(*;K)arrow H_{G}^{k}(X;K))$ ( $K$ ).
$X,$ $Y$ $G$- , $G$- $f$ : $Xarrow Y$ , $Ind_{k}^{G}(X;K)\supset$
$Ind_{k}^{G}(Y;K)$ 2.1 .
$G$ Lie , $M,$ $N$ $n$ $G$- , $M,$ $N$
$G$- . $\Lambda I$ $N$ ,
$H^{n-\dim G}(\Lambda f;Z_{2})\cong H^{n-\dim G}(N;Z_{2})\cong Z_{2}$ , $Ind_{n-\dim G}^{G}(\Lambda\prime f;Z_{2})\supset$
$Ind_{n-\dim G}^{G}(N;Z_{2})$ , $Ind_{n-\dim G}^{G}(N;Z_{2}),$ $Ind_{n-\dim G}^{G}(\Lambda I;Z_{2})$
$Ind_{n-\dim G}^{G}(N;Z_{2})=Ind_{n-\dim G}^{G}(M;Z_{2})\neq H^{n-\dim G}(BG;Z_{2})$
$Ind_{n-\dim G}^{G}(N;Z_{2})\neq Ind_{n-\dim G}^{G}(\Lambda I;Z_{2})=H^{n-\dim G}(BG;Z_{2})$
$Ind_{n-\dim G}^{G}(N;Z_{2})=Ind_{n-dlmG}^{G}(AI;Z_{2})=H^{n-\dim G}(BG;Z_{2})$
3 . , 2 .
23([5]). $G$ Lie , $M,$ $N$ $n$ $G$-
, $M,$ $N$ $G$- . ,
(1) $Ind_{n-dlmG}^{G}(N;Z_{2})=Ind_{n-\dim G}^{G}(\Lambda^{1}I;Z_{2})\neq H^{n-\dim G}(BG;Z_{2})$ , G-
$f$ : $Marrow N$ $f^{*}$ : $H^{n}(N;Z_{2})arrow H^{n}(M;Z_{2})$ . , $M$
$N$ , $M$ $N$ $G$-
.
(2) $Ind_{n-\dim G}^{G}(N;Z_{2})\neq Ind_{n-\dim G}^{G}$(A $\prime I;Z_{2}$ ) $=H^{n-\dim G}(BG;Z_{2})$ , G-
$f$ : $Marrow N$ $f^{*}:$ $H^{n}(N|Z_{2})arrow H^{n}(\lambda/I;Z_{2})$ . , $\Lambda I$
$N$ , $M$ $N$ $G$-
.
$M,$ $N$ $G$ $p_{AI}$ : $\Lambda^{J}Iarrow\Lambda\cdot I/G,$ $p_{N}$ : $Narrow N/G$
$(p_{\Lambda I})_{1}$ : $H^{n}(M;Z_{2})arrow H^{n-\dim G}(\Lambda\cdot I/G;Z_{2})$
$(p_{N})!$ : $H^{n}(N;Z_{2})arrow H^{n-\dim G}(N/G;Z_{2})$
.
$G_{0}$ $G$ , $G_{0}$ $G$ , $G/c_{0}$
. $\pi_{\Lambda I}$ : $\Lambda Iarrow AI/G_{0}$ $G_{0}$
.,
$(\pi_{A\cdot I})_{!}$ : $H^{i}(E;\Gamma)arrow E_{\infty}^{i-n,n}\mapsto E_{2}^{i-n,n}\cong H^{t-n}(B;\{H^{n}(F;\Gamma)\})\cong H^{i-n}(B;\Gamma)$ .
. $\tau_{AI}$ : $\Lambda I/G_{0}arrow\frac{AI/Go}{c/c_{0}}\cong\Lambda/I/G$
$\tau_{\Lambda I}^{*}$ : $H^{*}(\Lambda^{1}I/G_{0};\Gamma)arrow H^{*}(\Lambda\cdot I/G_{i}\Gamma)$ ([15] ).
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, $P\Lambda I$ : $Marrow itI/G$ $(P\Uparrow I)_{1}$ : $H^{i}(\mathbb{J}I;\Gamma)arrow H^{i-di\ln G}(i\mathfrak{l}I/G;\Gamma)$
$(p_{\Lambda I})_{!}=\tau_{M}^{*}\circ(\pi_{M})!$ . , $(p_{N})_{1}$ : $H^{n}(N;Z_{2})arrow H^{n-\dim G}(N/G;Z_{2})$
.
$f$ : $Marrow N$ $G$- , $f$ : $Xarrow Y$ $\overline{f}$ : $X/Garrow Y/G$
, $(p\perp)!,$ $(p_{N})_{!}$ $(p_{\Lambda^{J}I})_{1}\circ f^{*}=\overline{f}^{*}\circ(p_{N})!$
.
2.3 . $M,$ $N$ $n$ $G$ , $M/G,$ $N/G$
$n$ -dimG . , $H^{n}(\Lambda\ell;Z_{2}),$ $H^{n-\dim G}(M/G;Z_{2})$ ,
$H^{n}(N;Z_{2}),$ $H^{n-\dim G}(N/G;Z_{2})$ $Z_{2}$ .
$p_{M}$ : $\Lambda/farrow JM/G,$ $p_{N}$ : $Narrow N/G$ $M,$ $N$ $G$ ,
$(p_{\Lambda I})_{!}$ : $H^{n}(\Lambda I;Z_{2})arrow H^{n-\dim G}(A’f/G;Z_{2})$ $(p_{N})_{!}$ : $H^{n}(N;Z_{2})arrow$
$H^{n-\dim G}(N/G;Z_{2})$ .
$f$ : $Marrow N$ $G$- , $\overline{f}$ : $\Lambda/I/Garrow N/G$ $f$ . $\tilde{\alpha}$ : $Narrow$
$EG$ $G$- , $\overline{f}$ $\tilde{\alpha}$ $\alpha$ : $N/Garrow BG$ $\alpha\circ\overline{f}$
$(\alpha\circ\overline{f})^{*}$ : $H^{n-\dim G}(BG;Z_{2})arrow H^{n-\dim G}(M/G;Z_{2})$
kernel $Ind_{n-\dim G}^{G}(M, Z_{2})$ .
, $Ind_{n-\dim G}^{G}(M;Z_{2})\neq H^{n-\dim G}(BG;Z_{2})$ , $(\alpha\circ\overline{f})^{*}=\overline{f}^{*}\circ\alpha^{*}$
. , $\neg f$ : $H^{n-\dim G}(N/G;Z_{2})arrow H^{n-\dim G}(\Lambda f/G;Z_{2})$
, $H^{n-\dim G}(N/G;Z_{2})\cong H^{n-\dim G}(M/G;Z_{2})\cong Z_{2}$
$\overline{f}^{*}$ . $(p_{M})_{1}\circ f^{*}=\overline{f}^{*}o(p_{N})_{1}$ , $\overline{f}^{*},$ $(p_{M})_{!},$ $(p_{N})!$
, $f^{*}$ : $H^{n}(N;Z_{2})arrow H^{n}(M;Z_{2})$
.
$Ind_{n-\dim G}^{G}(N;Z_{2})\neq Ind_{n-\dim G}^{G}(M;Z_{2})=H^{n-\dim G}(BG;Z_{2})$ , $\overline{f}^{*}\circ\alpha^{*}$ :
$H^{n-\dim G}(BG;Z_{2})arrow H^{n-\dim G}$ ( $Ind_{n-\dim G}^{G}(M, Z_{2})$ ,
$Ind_{n-\dim G}^{G}(N;Z_{2})$ $\alpha^{*}$ : $H^{n-d{\rm Im} G}(BG;Z_{2})arrow H^{n-\dim G}(N/G;Z_{2})$ kernel
, $\overline{f}^{*}:$ $H^{n-\dim G}(N/G;Z_{2})arrow H^{n-\dim G}(\Lambda/I/G;Z_{2})$
.
$H^{n-dlmG}(N/G;Z_{2})\cong H^{n-\dim G}(M/G;Z_{2})\cong Z_{2}$ -f* . $(p_{M})_{!}\circ$
$f^{*}=\overline{f}^{*}\circ(p_{N})_{!}$ , $(p_{\Lambda I})!,$ $(p_{N})_{1}$ , $f^{*}$ : $H^{n}(N;Z_{2})arrow H^{n}(A^{\ovalbox{\tt\small REJECT}}I;Z_{2})$
. $\blacksquare$
$Ind_{n-\dim G}^{G}(N;Z_{2})=Ind_{n,-di_{l}nG}^{G}(\Lambda^{\ovalbox{\tt\small REJECT}}I;Z_{2})=H^{n-\dim G}(BG;Z_{2})$ ,
. , $M=N=T^{2}(=S^{1}\cross S^{1})$
, $T^{2}$ $Z_{2}$ $g(z_{1}, z_{2})=(-z_{1}, z_{2})$ ( $g\in Z_{2}$ , $z_{1},$ $z_{2}\in S^{1}$ ) ,
$Ind_{2}^{G}(N;Z_{2})=Ind_{2}^{G}(\lambda I;Z_{2})=H^{2}(BG;Z_{2})$ , $\Lambda^{r^{1}}I$ $N$
.




. 23(1) , 1 $G$ .
23 , $Z_{2}$ , $M,$ $N$ $M/G,$ $N/G$
, $Z_{p}$ ($p$ ) .
24([5]). $G$ Lie , $M,$ $N$ $n$
$G$- . , $M,$ $N$ $G$- , $M/G,$ $N/G$
. , $p$
(1) $Ind_{n-\dim G}^{G}(N;Z_{p})=Ind_{n-\dim G}^{G}(p,I;Z_{p})\neq H^{n-\dim G}(BG;Z_{p})$ , $\Lambda/f$
$N$ $G$- $p$ .
(2) $Ind_{n-\dim G}^{G}(N;Z_{p})\neq Ind_{n-\dim G}^{G}(M;Z_{p})=H^{n-dlmG}(BG;Z_{p})$ , $M$
$N$ $G$- $p$ .
3 2.3, 2.4
$Z_{2}$ $n$ $S^{n}$ ( $S^{n}$




31. $\Lambda\prime I$ $n$ $Z_{2}$- , $\downarrow/I$ $Z_{2}$-
. , $S^{n}$ .
,
(1) $A\cdot f$ $S^{n}$ $Z_{2}$- , $Ind_{n}^{Z_{2}}(M;Z_{2})\neq H^{n}(BG;Z_{2})$ .
(2) $Af$ $S^{n}$ $Z_{2}$- , $Ind_{n}^{Z_{2}}(AI;Z_{2})=H^{n}(BG;Z_{2})$ .
, $\tilde{\alpha}$ : $S^{n}arrow EZ_{2}$ $Z_{2}$- , $\alpha$ : $RP^{n}arrow BZ_{2}$
$\alpha^{*}$ : $H^{n}(BZ_{2}; Z_{2})arrow H^{n}(RP^{n};Z_{2})$
, .
3.1 (1) , $n$ $Z_{2}$- $M$ ( )
, $S^{n}$ $Z_{2}$- , $A,$ $B,$ $D,$ $E,$ $F$ ,
$S^{n}$ $\Lambda/I$ , $-x$ $gx$ ( $g$ $Z_{2}$ )
. ( $F$ cat $(M/Z_{2})=n$ )
. $\Sigma_{k}$. genus $k$ .
$k$ , $g\in Z_{2}$ , $R^{3}$ $g(x, y, z)=(-x, -y, -z)$ $Z_{2}$
. $R^{3}$ $\Sigma_{k}$. 1 $Z_{2}$ , $\Sigma_{k}$
$Z_{2}$ .
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1, $S^{2}$ 1 $Z_{2}$- , $Ind_{2}^{Z_{2}}(\Sigma k;Z_{2})\neq H^{2}(BZ_{2};.Z_{2})$
.
$k$ 2 $Z_{2}$ . 1 $R^{3}$ $g(x, y, z)=(-x, -y, -z)$
$Z_{2}$ , $R^{3}$ $\Sigma_{k}$ 2 $Z_{2}$
$Z_{2}$ .
$R^{3}$ $g(x, y, z)=(-x, -y, z)$ $Z_{2}$ , $R^{3}$ $\Sigma_{k}$
2 , $Z_{2}$ .
2
, $S^{2}$ $0$ $Z_{2}$- , $Ind_{2}^{Z_{2}}(\Sigma_{k};Z_{2})=$
$H^{2}(BZ_{2};Z_{2})$ .
3.1 2.1 , . (genus
)
(1) $k$ , $l$ , $\Sigma_{k}$ $\Sigma_{l}$ $Z_{2}$- .
(2) $k$ , $l$ , $\Sigma_{k}$ $\Sigma_{t}$ $Z_{2}$- .
(3) $k,$ $l$ , $\Sigma_{k}$ $\Sigma_{t}$ $Z_{2}$- . ,
$k,$ $l$ $k<l$ $\Sigma_{k}$ $\Sigma_{l}$ $Z_{2}$- .
(1), (2) (3) , (3)
.
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$k,$ $l$ $k<l$ , $f$ : $\Sigma_{k}arrow\Sigma_{l}$ , $\dim_{Z_{2}}H^{1}(\Sigma_{l} ; Z_{2})>$
$\dim_{Z_{2}}H^{1}(\Sigma_{k;}Z_{2})$ $f^{*}$ : $H^{1}(\Sigma_{l}; Z_{2})arrow H^{1}(\Sigma_{k}; Z_{2})$ kernel $0$ .
$x\in$ Ker$f^{*}-\{0\}$ , $y\in H^{1}(\Sigma_{l}; Z_{2})$ $x\cdot y\neq 0(\in H^{2}(\Sigma_{l}; Z_{2}))$
. , $x\in Kerf^{*}$ $f^{*}(x\cdot y)=f^{*}(x)$ . $f^{*}(y)=0$ .
$f$ .
Stiefel .
$V_{k}(R^{m})$ $R^{m}$ $k$ , $O(k)$
, $O(k)$ $V_{k}(R^{m})$ .
$\pm 1$ $(Z_{2})^{k}$ . , $V_{k}(R^{m})$
$(Z_{2})^{k}$ , , [7] .
3.2([7]). $n=\dim V_{k}(R^{m})$ , $Ind_{n}^{(Z_{2})^{k}}V_{k}(R^{m})\neq H^{n}(B(Z_{2})^{k}; Z_{2})$ .
, 2.3 , Borsuk-Ulam .
3.3([7]). $V_{k}(R^{m})$ $V_{k}(R^{m})$ $(Z_{2})^{k}$ .
Stiefel $V_{k}(C^{m})$ $U(k)$
$(Z_{p})^{k}$ ($p$ ) .
3.4([7]). $V_{k}(C^{m})$ $V_{k}(C^{m})$ $(Z_{p})^{k}$ $P$ .
, 33 34 ,
. , $V_{k}(R^{m})$ $-1$ $Z_{2}$
, $V_{k}(R^{m})$ ?
. , . .
. $V_{2}(R^{2m})$ $Z_{2}$
$g(\begin{array}{llll}a_{1} a_{2} a_{2m-l} a_{2m}b_{1} b_{2} b_{2m-1} b_{2m}\end{array})=(\begin{array}{llll}-a_{1} -a_{2} -a_{2m-1} -a_{2m}-b_{1} -b_{2} -b_{2m-1} -b_{2m}\end{array})$
( $g$ $Z_{2}$ ) . , $V_{2}(R^{2m})$ $V_{2}(R^{2m})$
$f(\begin{array}{llll}a_{1} a_{2} a_{2m-1} a_{2m}b_{1} b_{2} b_{2m-1} b_{2m}\end{array})=(\begin{array}{llll}a_{1} a_{2} a_{2m-1} a_{2m}-a_{2} a_{1} -a_{2m} a_{2m-1}\end{array})$
, $Z_{2}$ , $0$ . $0$
, .
$f_{1}$ : $V_{2}(R^{2m})arrow S^{2m-1}$
$f_{1}(\begin{array}{llll}a_{1} a_{2} a_{2m-1} a_{2m}b_{1} b_{2} b_{2m-1} b_{2m}\end{array})=(a_{1},a_{2}, \cdots a_{2m-1}, a_{2m})$
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, $f_{2}$ : $S^{2m-1}arrow V_{2}(R^{2_{7}n})$
$f_{2}(a_{1}, a_{2}, \cdots a_{2m-1}, a_{2m})=(\begin{array}{llll}a_{1} a_{2} a_{2m-1} a_{2m}-a_{2} a_{l} -a_{2m} a_{2m-l}\end{array})$
, $f=f_{2}\circ fi$ . $n=\dim V_{2}(R^{2m})$ , $H^{n}(S^{2m-1} ; Z_{2})=0$
, $f^{*}=f_{1}^{*}\circ f_{2}^{*}:$ $H^{n}(V_{2}(R^{2m});Z_{2})arrow H^{n}(V_{2}(R^{2m});Z_{2})$ $0$ .
, $f$ $0$ .
, $(Z_{2})^{k}$ $H$ $V_{k}(R^{m})$ $V_{k}(R^{m})$
$H$ , Stiefel $V_{k}(R^{m})$
$k$ $m$ , , $(Z_{2})^{k}$ ,
. , $V_{2}(R^{2m+1})$
, $S^{2m}$ $V_{2}(R^{2m+1})$ . $S^{2m}$
$V_{2}(R^{2m+1})$ , $S^{2m}$ ,
1 , $S^{2m}$
,
. $V_{2}(R^{2m+1})$ $Z_{2}$ , $V_{2}(R^{2m+1})$
.
, 23 , . $H$ $(Z_{2})^{k}$ ,
, $(Z_{2})^{k}$ , $Ind_{n}^{H}(V_{k}(R^{m});Z_{2})=H^{n}(BH;Z_{2})$
( $n$ $V_{k}(R^{m})$ ) . [7] , ,
.
3.5. $\Lambda I$ $n$ , $(Z_{p})^{k}$ ( $p$
). $\Lambda/I$ , $p=2$ , $H$ $(Z_{p})^{k}$ , $(Z_{p})^{k}$
, $Ind_{n}^{H}(M;Z_{p})=H^{n}(BH;Z_{p})$ .
. , $G=(Z_{p})^{k}$ . $H$ $G$ $G$ , $\pi$ : $BHarrow BG$
$\pi^{*}$ : $H^{*}(BG;Z_{p})arrow H^{*}(BH;Z_{p})$ .
$Ind_{n}^{H}(\Lambda,’[;Z_{p})\neq H^{n}(BH;Z_{p})$ , $H^{n}(\Lambda f/H;Z_{p})$ $Z_{p}$
, $M$ $H$ : $\Lambda\prime I/Harrow BH$
$f_{H}^{*}$ : $H^{n}(BH;Z_{p})arrow H^{n}(M/H;Z_{p})$ . , $f_{H}^{*}\circ\pi^{*}:$ $H^{n}(BG;Z_{p})arrow$
$H^{n}(M^{1}/H;Z_{p})$ .
, $G/H$ $P$ , $q$ : $M/Harrow M/G$
$q^{*}$ : $H^{n}(\Lambda\ovalbox{\tt\small REJECT} I/G;Z_{p})arrow H^{n}(A/I/H;Z_{p})$ . 7 $fc:A’I/Garrow BG$
$M$ $G$ , $q^{*}\circ f_{G}^{*}$ : $H^{n}(BG;Z_{p})arrow H^{n}(\Lambda’I/H;Z_{p})$
. $f_{H}^{*}o\pi^{*}=q^{*}of_{G}^{*}$ , . , $Ind_{n}^{H}(\Lambda I;Z_{p})=$
$H^{n}(BH;Z_{p})$ . $\blacksquare$
, $H$ $(Z_{2})^{k}$ , , $(Z_{2})^{k}$
, $Ind_{n}^{H}(V_{k}(R^{m});Z_{2})=H^{n}(BH;Z_{2})$ ( $n$ $V_{k}(R^{m})$ )
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. , $V_{k}(R^{m})$ $(Z_{2})^{l}$ $(l<k)$ ,
cohomological index , .
, $S^{n}$ $Z_{p}$ , $Ind_{r\iota}^{Z_{p}}(S^{n}; Z_{p})\neq H^{n}(BZ_{p};Z_{p})$
, 35 .
3.6. $S^{n}$ $\cross Z_{p}$ .
3.6 $[10, 15]$ , .
, 3.6 Borsuk-Ulam .
, $k$ , $(Z_{p})^{k}$ ,
Borsuk-Ulam .
$(Z_{p})^{k}$ , Lusternik-Schnirelmann $k$ ,
, $k$ Lusternik-Schnirelmann cohomological index
, $Ind_{n}^{(Z_{p})^{k}}(\Lambda’I;Z_{p})=H^{n}(B(Z_{p})^{k}; Z_{p})$ ( $n$ )
? , ,
, . ,
$(Z_{2})^{5}$ 4 $\Lambda\prime I$ $\tilde{M}$ Lusternik-Schnirelmann
4 , $(Z_{2})^{5}$ .
$(Z_{p})^{k}$ , $k$
.
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